The difference scheme via spline in tension for the problem:
Introduction
The application of exponential splines for numerical solution of the singularly perturbed boundary problems has been described in many papers ( [3] , [4] , [5] , [8] etc.). Because the problems analyzed in these papers were more complex than ours, in none of them a uniform convergence was achieved. We consider the self-adjoint singularly perturbed problem which is a tension spline [6] , and @ is a tension parameter. In the rest of the paper we will use S( x, p) instead of S(x) in order to stress the dependence of p. When c = 0, S( x, p) is a cubic spline and when p + cc, S(x, p) tends to a linear spline. For some other properties of the tension spline see [6] .
The corresponding difference scheme (4) is derived in Section 2. The exponentially fitted cubic spline difference scheme for the problem (1) is derived in [7] and the second order of accuracy is proved. This property has also the classical difference scheme [2] .
The three mentioned schemes have approximately the same numerical results at the grid points but the estimate for the scheme (4) is optimal, in the sense of [2] . The advantage of the spline in tension over the cubic spline is a uniform convergence between the grid points, but obtained only in the case p(x) =p = const.
Derivation of the scheme
Because of S(x, p) E C2 [0, 11, we have S,'(X,? P) = s,'+1(x.,, P).
If we replace (2) in (3) and after that if we put EM, =p,u, -4, we obtain the difference scheme When it will be clear from the context the subscripts in c," and qf c will be omitted.
In the case p(x) f const. we define 
u, 1, in the next section we will estimate the truncation
Proof of the uniform convergence at the grid points
The following lemma gives the properties of the exact solution which are important for the proof.
Lemma 1 [2]. Let y(x) E C4[0, 11. Let p'(O) =p'(l) = 0. Then the solution of the problem (1) has the form v(x)=o(4+44+gW
q. and q1 are bounded functions of c independent of x and
N is a constant independent of e.
From Lemma 1 we have T,(Y) = T(U) + T(W) + r,(g)
and we will estimate separately the parts of r,(1)). We start with U(X).
(8) From (8) and (9) we have
= 2u ,&(chp,-chp,)+O(h4/~)=r;~(po-p,)+O(h"/c).
In the similar way we obtain 
) T,(Y) 1 < Mh4/c when h2 < 6.
04)
Let E Q h*,
Putting p, = p,_, =po = p(0) in RuJ we obtain that RuJ = 0. This expression we will denote by ri,. Thus
RuJ = RuJ -ku, = (Y-(pO) -Y-)u,_~ + (r"(pO) -r=)u, + (r+(p,) -r+)u,+,
Since 1 r+(po) -r+ 1 < Mxf,,,
F(p,) -r-) Q Mx,Z_,, r'(p,)
-rc 1 G A4x.f we have 1 Rv, 1 G Me. Because of we obtain ) Q( Lv), I Q ME and 1 T,(V) 1 < ME.
The same estimate holds for T,(W), 17,(w) I <<ME.
For 7~( g) we use the form: Replacing (20) (19) and (14) in (6) we get the following theorem. 
The convergence between the grid points
Let p(x) =p = const. Then spline S(x, p) has the basis: 1, x, exp( -px), exp( px). So the truncation errors of the scheme for the functions u and w are equal to zero.
Thus, the corresponding spline is an interpolation tension spline for the boundary layer functions u and w. Because of linearity, we have s(x, P? Y) = S(x, P, 4 + s(x, P? 4 + s(x, P> g>9
Taking into account the basis of spline S( X, p) and the analytical form of the functions u and MI (Lemma 1) we can conclude that the first two terms in (21) are equal to zero.
The last one will be estimated. According to Theorem 1 and (2) 
(24
The difference from the interpolation tension spline S( x, p, y) and collocation tension spline
For S( x, p, g) we can form an interpolation cubic spline S,(x, p, g), with boundary conditions $'(O, P, g> = g"(O) and S,l'(l, p, g) =g"(l).
According to [6] I S(X, p, g) -S,(x,
Namely, I 8°C xJ > I < M and from the form of the cubic spline [l] we can see that holds for p sufficiently large, i.e. p > N,, N, is a fixed constant independent of h and E [6] . In our case it means
IS(x, P, s>-sl
Since,
from (23) When p(x) # 0 we introduce the variable tension parameter is, = ( P/E)"~ and we define tension spline S(x, pj, u) in the following way qx, pj, 2.4) = u,t + (1 -t)u,_, + Mj"
This spline satisfies the differential equation (1) at the grid points. 0
Numerical experiments
The numerical results which support the predicted theory are based on the test of uniform convergence which is described in [2] on uniform grid. The exponential scheme (4) where 'k.c = max 1 u/h" -uJ~'~' 1, c=2k, k = 1(1)5, .I and uh/' denotes the value of J u J for the mesh length h/c, h = f, qv is the average of rates corresponding to one value of E. Table 1 shows that the rate 2 when E > h*. The numerical rate agrees with a theoretical one. Table 2 contains the maximum error at all mesh points: max ) y(x,) -u, 1 for different n and C, n = l/h.
J
It indicates the convergence in C.
